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In this paper, we study the existence of harmonic and subharmonic solutions of a class of
non-smooth Hamiltonian systems, then apply its results to the vibration problems{
−x′′ = q(x)|x′|2 + g(t)x′ + f (t), x(t) > 0,
x′
(
t−0
)= −x′(t+0 ), if x(t0) = 0.
Inﬁnitely many harmonic and subharmonic bouncing solutions are always obtained if q(x)
satisﬁes some coercive conditions.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Having numerous applications in physics and mechanics, vibro-impact systems have attracted attention of many re-
searchers, see [1–7].
Recently, a class of damped vibration problems with obstacles{−x′′ = q(x)|x′|2 + g(t)x′ + f (t), x(t) > 0,
x′
(
t−0
)= −x′(t+0 ), if x(t0) = 0, (1.1)
has been studied by several researchers, where
x′
(
t−0
)= lim
t→t0−0
x′(t), x′
(
t+0
)= lim
t→t0+0
x′(t),
f ∈ C(R/2πZ+,R+), g ∈ C(R/2πZ+,R) with G(t) = ∫ t0 g(s)ds, G(2π) = 0 and q : [0,+∞) → [0,+∞) is continuous with
lim
x→+∞q(x) = +∞.
When g(t) ≡ 0, X. Wu has obtained inﬁnitely many bouncing 2π -periodic solutions under some growth conditions (Theo-
rem 3.1 of [8]) by using variational methods. Furthermore, for the general case for g(t), the similar results were studied in
[9,10], and there are also some necessary growth conditions to guarantee P.S. condition or (C)c condition.
In the present paper, we consider this problem again from the viewpoint of topological ﬁxed point methods and ﬁnd
that some growth conditions are not necessary (see Theorem 3.1 of [8], Theorem 3.1 of [9], Theorems 4.1 and 4.2 of [10]).
We ﬁrstly study a class of non-smooth Hamiltonian system by approximation of Lipschitz continuous system, then apply its
results to the vibration problems (1.1).
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H(x, y, t) = 1
2
a(t)y2 + b(t)Φ(|x|),
where a(t),b(t) ∈ C(R/2πZ+,R+), ϕ ∈ C(R,R) is Lipschitz continuous and
Φ(x) =
x∫
0
ϕ(s)ds
is the primitive function of ϕ(x). And the corresponding planar equation is{
x′ = a(t)y,
y′ = −b(t)ϕ(|x|)sgn(x), x = 0. (1.2)
Assume the following superlinear condition holds:
lim
x→+∞
ϕ(x)
x
= +∞. (H1)
By using a generalized form of the Poincaré–Birkhoff twist theorem [11], we have obtained the existence of inﬁnitely
many 2π -periodic solutions and subharmonic solutions of Eq. (1.2), and the results are the following.
Theorem 1.1. Assume that condition (H1) holds. Then there is a positive integer n0 such that for any integer n n0 , Eq. (1.2) possesses
inﬁnitely many 2π -periodic solutions {x j(t)} which have exactly 2n zeros in a period, respectively, and satisfy
lim
j→+∞
sup
t∈R
(∣∣x j(t)∣∣+ ∣∣x′j(t)∣∣)= +∞.
Theorem 1.2. Assume that condition (H1) holds. Then for any positive integer m > 1, Eq. (1.2) possesses inﬁnitely many 2mπ -periodic
solutions {x j(t)} having minimal period 2mπ , and satisfying
lim
j→+∞
sup
t∈R
(∣∣x j(t)∣∣+ ∣∣x′j(t)∣∣)= +∞.
Finally, we will study the problem (1.1) for an application of Theorems 1.1 and 1.2, and we will obtain inﬁnitely many
bouncing periodic solutions. In our results we reduce the growth conditions in [8–10], and we also obtain inﬁnitely many
subharmonic bouncing solutions (the least 2mπ period, m > 1). There is another beneﬁt that we can count the number of
the times of impact on one least period with our methods.
The paper is organized as follows. Some technical lemmas which are useful for our proof are stated in Section 2. We will
prove Theorems 1.1 and 1.2 in Section 3 and give their application to the problem (1.1) in Section 4.
2. Preliminaries and some lemmas
If ϕ(0) = 0, ϕ(|x|)sgn(x) is continuous at the origin and the problem is easy to deal with. But in more general case
ϕ(0) = 0 and ϕ(|x|) sgn(x) is not continuous, the existence of the solutions for Eq. (1.2) cannot guarantee to hold. In order
to overcome this diﬃculty, we construct an auxiliary equation{
x′ = a(t)y,
y′ = −b(t)ϕn(x), (2.3)
where
ϕn(x) =
⎧⎪⎨
⎪⎩
ϕ(|x|), x 1n ;
nϕ( 1n )x, − 1n  x 1n ;
−ϕ(|x|), x− 1n
is Lipschitz continuous on R.
Now we perform some phase-plane analysis for Eq. (2.3). Let (x(t, x0, y0), y(t, x0, y0)) be the solution of Eq. (2.3) through
the initial point (x(0), y(0)) = (x0, y0). It is not hard to show that every solution satisfying the initial value problem exists
uniquely on the whole time t-axis. Then the Poincaré mapping P : R2 → R2 is well deﬁned by
(x0, y0) 	→
(
x(2π, x0, y0), y(2π, x0, y0)
)
.
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solution of Eq. (2.3). Applying the transformation
x(t) = r(t) cos(θ(t)), y(t) = r(t) sin(θ(t)), r(t) > 0,
we have⎧⎨
⎩
r′ = a(t)r cos θ sin θ − b(t) sin θϕn(r cos θ),
θ ′ = −
[
a(t) sin2 θ + b(t) cos2 θ ϕn(r cos θ)
r cos θ
]
.
(2.4)
Let (r(t, r0, θ0), θ(t, r0, θ0)) be the solution of Eq. (2.4) through the initial point (r(0), θ(0)) = (r0, θ0). Then the mapping P
can also be written in the polar coordinate form
r1 = r(t, r0, θ0), θ1 = θ(t, r0, θ0) + 2lπ,
l is an arbitrary integer. It can be easily seen that if (r0, θ0) is such that r(t, r0, θ0) > 0, t ∈ [0,2π ], then θ(2π, r0, θ0) is well
deﬁned and continuous in (r0, θ0), and moreover,
θ(2π, r0, θ0 + 2π) = θ(2π, r0, θ0) + 2π.
From the second equality of (2.4), it is easy to see that solution of Eq. (2.3) moves on clock-wise direction, that is,
dθ
dt
< 0, for t ∈ R, r(t) > 0.
Denote by T (h) the time in which the solution (x(t), y(t)) of Eq. (2.3) starting from (x0, y0) ∈ γh = {(x, y): x2 + y2 = h2}
completes one clock-wise turn, and let
z0 = (x0, y0) = (r0 cos θ0, r0 sin θ0).
As in [12–14], we have the elastic property for Eq. (2.3) in the following lemma.
Lemma 2.1. Assume that (H1) holds. Then for each positive constant A1 > 0, there is a constant B1 > A1 such that
r(t, z0) > A1, t ∈ [0,2π ] if |z0| > B1.
Lemma 2.2. Assume that (H1) holds. Given a positive integer m ∈ Z+ , for each large integer N, there is h0 > 0 such that
θ(2mπ ; z0) − θ(0; z0) < −2Nπ, for |z0| > h0.
Proof. By the second equality of (2.4), we have
θ ′ = −
[
a(t) sin2 θ + b(t) cos2 θ ϕn(r cos θ)
r cos θ
]
,
which implies
T (h) =
2π∫
0
1
a(t) sin2 θ + b(t) cos θϕn(r cos θ)r
dθ.
Take two large enough positive constants A > 0, B > 0 such that A/B < ε 
 1. We only consider the solution in the ﬁrst
quadrant, and others could be similarly dealt with. Considering two regions
D1 =
{
(x, y) ∈ R2: x A, y > B},
D2 =
{
(x, y) ∈ R2: x A, 0< y < +∞},
it is obvious that the solution starting at γh turns clock-wise and passes through the region D1 ∪ D2, for h large enough.
Let [t1, t2], [t2, t3] be the time intervals for staying at D1, D2, respectively. Thus we have
T1(h) = (t2 − t1) + (t3 − t2).
From the ﬁrst equality of Eq. (2.3), we obtain
t2 − t1 =
A∫
1
a(t)y
dx<
A
a˜B
,0
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Assume that (H1) holds, then for large enough K > 0, we can take B  1 such that
ϕn(x)
x
> K , for |x| B.
Consequently, when K is large enough, we have
t3 − t2 =
θ(t3)∫
θ(t2)
1
a(t) sin2 θ + b(t) cos θϕn(x)r
dθ 
π
2∫
0
1
a˜ sin2 θ + b˜K cos2 θ dθ =
π
2
√
a˜b˜K

 1.
Then
T1(h) → 0, as h → +∞.
So the turns that the solution moves around the origin with 2mπ time can be arbitrary large if the initial value |z0| is large
enough. Thus the proof of the lemma is now completed. 
Lemma 2.3. Assume zn(t) = (xn(t), yn(t)) is a 2mπ -periodic solution of Eq. (2.3) (n = 1,2, . . .) which has exactly 2q (q ∈ N) zeros
in [0,2mπ ]. Then {zn(t)}n is uniformly bounded, that is, there exits a constant R > 0 such that∣∣zn(t)∣∣< R, t ∈ [0,2mπ ], for all n.
Proof. From Lemma 2.2 we know that
T (h) → 0, as h → +∞.
When x ∈ [−1,1],
dy
dx
= −b(t)ϕn(x)
a(t)y
.
Thus,
y∫
y0
y dy = −
1∫
−1
b(t)ϕn(x)dx,
which implies that
y20 − C  y2(t) y20 + C,
where C is a constant independent of n. So the time in which the solution passes through the band
D{(x, y) ∈ R2: x ∈ [−1,1], y ∈ R}
is
t =
1∫
−1
1
a(t)y
dx<
C1
r0
,
where C1 also is a constant independent of n. Thus, let us take a large enough r1 > 0 (independent of n) such that the time
in which every solution with initial value |z0| r1 moves one turn around the origin is less than mπ2q . By Lemma 2.1, there
exists r2 > 0 such that∣∣z(t, z0)∣∣ 2r1, t ∈
[
0,
mπ
2q
]
, if |z0| r2.
Since we only consider the solution starting from B2r1 \ D in the half plane (x−1), we can take an r2 which is indepen-
dent of n.
Similarly, there exists r3 > 0, independent of n, such that∣∣z(t, z0)∣∣ 2r2, t ∈
[
0,
mπ
2q
]
, if |z0| r3.
So we can get
r1 < 2r1  r2 < 2r2 < · · · rq < 2rq  r2q+1.
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See Fig. 1. Now we know that every solution with initial value |z0| r2q+1 which moves q turns around the origin cannot
enter the disk Br1 = {(x, y): x2 + y2  r21} and the time of moving q turns is less than 2mπ . Consequently, take R > r2q+1,
then we have∣∣zn(t)∣∣< R, t ∈ [0,2mπ ], for all n.
Thus we complete the proof. 
3. Subharmonic and harmonic solutions of Hamiltonian equations with superlinearities
3.1. Proof of Theorem 1.1
Let
1(z0) = θ(2π, z0) − θ(0, z0)
(|z0| > h0),
which is continuous on z0. Take a large enough constant a1 > h0, then there exists a positive integer K1 such that
inf
|z0|>h0
1(z0) > −2K1π.
Thus,
θ(2π, z0) − θ(0, z0) > −2K1π, |z0| = a1.
By Lemma 2.2, taking m = 1, there is a constant b1 > a1 such that
θ(2π, z0) − θ(0, z0) < −2K1π, |z0| = b1.
Applying the generalized Poincaré–Birkhoff twist theorem [11] to the Poincaré mapping
P : (r0, θ0) 	→
(
r(2π, z0), θ(2π, z0)
)
,
a homeomorphism with boundary twisting on annulus
A1 =
{
(x, y): a1 < |z| < b1
}
,
we obtain that there are at least two ﬁxed points of P , z1, z2 ∈ A1 which are initial points of two 2π -periodic solutions
z1n(t) = z1n(t; z1), z2n(t) = z1n(t; z2)
of Eq. (2.3) such that z1n(t) and z
2
n(t) complete exactly K1 clock-wise turns around the origin in [0,2π ]. Then we obtain
two 2π -periodic solutions x jn(t) =
∏
1(z
j
n(t)), j = 1,2, which have exactly 2K1 zeros in [0,2π ]. From Lemma 2.3, {x jn(t)}
is a uniformly bounded and equicontinuous sequence. By Ascoli–Arzela theorem a standard compactness argument, we
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limitation). With the same method as above, we can construct inﬁnitely many annuli
A j =
{
(x, y): a j < |z| < b j
}
, j = 1,2, . . . ,
so Eq. (1.2) has inﬁnitely many harmonic solutions with initial value z j(0) ∈ A j ( j = 1,2, . . .). We only need to take a j+1 
b j ( j = 1,2, . . .), and lim j→+∞ b j = +∞, then {z j(t)} is such that
sup
0tT
∣∣z1(t)∣∣< sup
0tT
∣∣z2(t)∣∣< · · · < sup
0tT
∣∣z j(t)∣∣< · · · (→ +∞).
So the harmonic solutions are distinct. Thus, we complete the proof.
3.2. Proof of Theorem 1.2
Fix an integer m > 1. As in the proof of Theorem 1.1, we consider
m(z0) = θ(2mπ, z0) − θ(0, z0)
(|z0| > h0),
which is continuous on z0. Take a large enough constant a1 > h0, then there exists a prime positive integer q1 such that
inf
|z0|>h0
1(z0) > −2q1π.
Thus,
θ(2mπ, z0) − θ(0, z0) > −2q1π, |z0| = a1.
On the other hand, by Lemma 2.2, there is a constant b1 > a1 such that
θ(2mπ, z0) − θ(0, z0) < −2q1π, |z0| = b1.
Apply the generalized Poincaré–Birkhoff twist theorem [11] to the iterating Poincaré mapping
Pm : (r0, θ0) 	→
(
r(2mπ, z0), θ(2mπ, z0)
)
a homeomorphism with boundary twisting on annulus
A1 =
{
(x, y): a1 < |z| < b1
}
,
and we obtain that there are at least two ﬁxed points of P , z1, z2 ∈ A1 which are initial points of two 2π -periodic solutions
z1n(t) = z1n(t; z1), z2n(t) = z1n(t; z2)
of Eq. (2.3) such that z1n(t) and z
2
n(t) complete exactly q1 clock-wise turns around the origin in [0,2mπ ]. Since q1 is a
prime number, if z jn(t), j = 1,2, has the least period 2nπ(n <m), the solution z jn(t) must complete exactly nq1/m turns in a
period. Since the phase orbit of every periodic solution is closed curve in phase-plane, nq1/m must be an integer, which is a
contradiction. So z jn(t) has the least period 2mπ . The rest of the proof follows the same way as in the proof of Theorem 1.1
above.
4. Application to vibration problems
With a transformation (see [8–10])
Q (s) =
s∫
0
q(r)dr, y = Ψ (x) :=
x∫
0
eQ (s) ds,
the problem (1.1) is equivalent to{−y′′ = g(t)y′ + f (t)[1+ h(y)], y(t) > 0,
y′(t0−) = −y′(t0+), if y(t0) = 0,
(4.5)
where
h(y) = eQ (Ψ −1(y)) − 1 =
y∫
0
q
(
Ψ −1(s)
)
ds.
Obviously, we have the following proposition.
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−y′′ = g(t)y′ + f (t)[1+ h(|y|)] sgn(y) (4.6)
satisfying the periodic boundary condition:
y˜(0) − y˜(2mπ) = y˜′(0) − y˜′(2mπ) = 0
or the anti-periodic boundary condition:
y˜(0) + y˜(2mπ) = y˜′(0) + y˜′(2mπ) = 0,
and all zeros of y˜ are isolated, then y = | y˜| is a bouncing 2mπ -periodic solution of problem (4.5).
Obviously, if
lim
x→+∞q(x) = +∞,
one has
lim
r→+∞
h(r)
r
= +∞.
We rewrite Eq. (4.5) in the planar form
{
y′ = e−G(t)z,
z′ = −eG(t) f (t)[1+ h(|y|)] sgn(y). (4.7)
By Theorems 1.1 and 1.2, we easily have the following theorems.
Theorem 4.1. If f (t) > 0 for all t ∈ [0,2π ], then there is a positive integer n0 such that for any integer n  n0 , Eq. (1.1) possesses
inﬁnitely many 2π -periodic bouncing solutions which have 2n times impacts in a period, respectively, and satisfy
lim
j→+∞
sup
t∈R
(∣∣x j(t)∣∣+ ∣∣x′j(t)∣∣)= +∞.
Proof. Obviously, Eq. (4.7) satisﬁes the conditions of Theorem 1.1. So by Theorem 1.1 Eq. (4.7) possesses inﬁnitely many
2π -periodic solutions {y j(t)} which have 2n zeros in a period, respectively. By Proposition 1, {|y j(t)|} is an unbounded
sequence of bouncing 2π -periodic solutions of Eq. (4.5). Set x j = Ψ −1(|y j(t)|). Then {x j(t)} is an unbounded sequence of
bouncing 2π -periodic solutions of Eq. (1.1) with 2n times impacts in a period. 
Remark 4.1. In Theorem 4.1, with respect to the impact time point t = ti , i = 1,2, . . . , we deﬁne the derivative of 2π -
periodic bouncing solution x(t) by
x′(ti) = lim
t→t0−0
x′(t).
Similarly, we have
Theorem 4.2. If f (t) > 0 for all t ∈ [0,2π ], then for any positive integer m > 1, Eq. (1.1) possesses inﬁnitely many 2mπ -periodic
bouncing solutions having minimal period 2mπ , and satisfying
lim
j→+∞
sup
t∈R
(∣∣x j(t)∣∣+ ∣∣x′j(t)∣∣)= +∞.
Remark 4.2. In fact, we have obtained periodic bouncing solutions for a more general system with damping
{
x′′ + g(t)x′ + f (t)V ′(x) = 0, x(t) > 0,
x′
(
t−0
)= −x′(t+0 ), if x(t0) = 0, (4.8)
where V (x) is a superlinear potential.
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